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Abstract: We examine the complexity/volume conjecture and further investigate
the possible connections between complexity and partition function. The complex-
ity/volume 2.0 states that the complexity growth rate C˙ ∼ PV . In the standard
statistics, there is a fundamental relation among PV , the grand potential Ω and the
partition function Z. By using this relation, we are able to construct an ansatz be-
tween complexity and partition function. The complexity/partition function relation is
then utilized to study the complexity of the thermofield double state of extended SYK
models for various conditions. The relation between complexity growth rate and black
hole phase transition is also discussed.
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1. Introduction
The Anti-de Sitter/Conformal field theory (AdS/CFT) [1–4] duality states that the
gravity theory of the AdS space-time can be described by the conformal field theory on
the boundary. This not only offers us a new way to calculate the physical quantities on
the field theory side, but also provides us with a new ideas for understanding the nature
of space-time. In particular, according to the holographic entanglement entropy [5],
there is a basic connection between quantum information theory and gravitational
physics. However, in view of the thermo-field double state (TFD state) of the eternal
– 1 –
black hole, it has been proved that entanglement entropy cannot provide us all the
information in the evolution of the AdS wormhole [6, 7]. The Einstein-Rosen Bridge
(ERB) usually connects the two sides of the Penrose diagram of the eternal AdS black
hole, and classically it will grow forever. On the other hand, the dual TFD state on
the boundary reaches its thermal equilibrium very quickly. So how to describe the
continuing growth of ERB for a long time when the quantum states on both two sides
stop evolving in the dual theory? To solve this problem, Susskind and his collaborators
[8–11] proposed a new concept called quantum computational complexity of black hole
which can describe the quantum evolution of the boundary state after reaching thermal
equilibrium. This concept can help us with some useful tools on studying problems of
quantum complexity [12].
Note that Maldacena and Susskind have established a connection between Einstein-
Podolsky-Rosen (EPR) in quantum mechanics and the Einstein-Rosen bridge (ERB)
in gravity (so-called ER = EPR) [13,14]. Based on the above conjecture, Alice on one
side of the ERB can establish communication with Bob on the other side, but how
difficult is it ? Quantum computational complexity can be understood as a candidate
quantity to characterize how difficult it is in the calculation. In quantum circuits [15],
complexity is usually defined as the minimal number of gates used for processing the
unitary operation [9]. Susskind related computational complexity to the distance from
the layered stretched horizon in [8], and further proposed a conjecture that the length
of the ERB is proportional to complexity of quantum state of the dual CFT. Inspired
by the work of Hartman and Maldacena [7], Susskind and Stanford proposed a new
version that the complexity is dual to the volume of the maximal spatial slice crossing
the ERB called Complexity-Volume (CV) duality [11]
C ∼ V
GlAdS
, (1.1)
where lAdS is the length scale that has to be chosen appropriately for the configuration.
While this proposal captures the linear growth at late time, there is also a minor
problem that length scales must be introduced manually. In a recent work [12](see [16]
for details), Susskind further proposed an alternative conjecture that the quantum
complexity of a holographic state is dual to the action of certain Wheeler-DeWitt
(WDW) patch in the AdS bulk so-called Complexity-Action (CA)
C = A
pi~
, (1.2)
where A is the action of the Wheeler-DeWitt patch. This proposal solves the length
scale problem of CV-duality and has the practical advantage that the WDW patch is
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easier to work with than the maximal volume. It was noted that both the CV duality
and the CA duality share the same properties as follows [16]:
The rate of complexity growth is bounded by the product of entropy and temperature
dC
dt
∼ TS.
There have been many studies on CV duality and CA duality, such as the diver-
gence structure [17,18], complexity growth rate [19–26], and the generalization beyond
Einstein gravity [27–31](see also [32–34]), For example, some of us have tried to re-
late complexity with the phenomena of the accelerating expansion of our universe [35].
There is also a study on the complexity of disk-shape subregion in various (2+1)-
dimensional gapped systems with gravity dual [36] . Given the fact that many litera-
tures [37–42] have taken the cosmological constant as pressure, an improved version of
the CV conjecture was proposed in [33] called “complexity=volume 2.0” (CV 2.0)
C ∼ 1
~
P (Spacetime V olume). (1.3)
In the late time regime, it was proposed that
C˙ ∼ PV
~
. (1.4)
The above equation relates complexity to pressure and thermodynamic volume. The
authors in [33] claimed that the CA duality would violate the Lloyd bound in some
cases of charged black hole, while CV 2.0 would not, which shows the rationality of
this conjecture. Subsequently, it was proposed CA2.0 [34]
C = AΛ
pi~
, (1.5)
where AΛ is a part of the non-derivative action evaluated on the WDW patch. The
application scope of equation (1.5) is not limited to the late time of the black hole
evolution. Especially AΛ reduces to PV in the stationary limit. That will return to
CV2.0. In a very recent paper, a new CV duality was proposed C˙ = 2P∆V in [43]. The
rationality of the various versions of complexity and the existence of more reasonable
conjectures deserve further study.
From the standard thermodynamics, we know the relation between PV and the
grand potential Ω
pV = −Ω. (1.6)
This relation together with (1.4) stimulates us to think about building some deep con-
nections among the complexity growth rate, thermodynamical quantities and statistical
physics. Moreover, the comparison between ordinary thermodynamics and black hole
– 3 –
Thermodynamics Neutral Black Hole Charged Black Hole
First Law dH=TdS+VdP dM=TdS+VdP dM=TdS+VdP+ΦdQ
Enthalpy H=U+PV H=M=U+PV H=M=U+PV
Free energy F=U-TS F=U-TS F=U-TS
Gibbs free energy G=H-TS G=M-TS G=M-TS
Table 1: Ordinary thermodynamic relationship and black hole thermodynamic relationship
thermodynamics is shown in table 1. When the system is in its thermodynamic equi-
librium, Ω is at its minimum. The thermodynamical stability requires dΩ ≤ 0 1. For
canonical ensembles, the grand potential reduces to the free energy F . In ordinary
thermodynamics, the principle of maximum work states that:
For all thermodynamic processes between the same initial and final state, the de-
livery of work is a maximum for a reversible process, obeying dW ≤ −dF .
Quantum complexity is a kind of computational resource. The quantum computa-
tional process can be regarded as a thermodynamic process in which work should be
delivered. Less complexity indicates less time or work is required. Then equations (1.4)
and (1.6) together with the principle of maximum work indicates that complexity may
related to the free energy of the system. Moreover, this could lead to dC˙ ≤ −dF .
On the other hand, by studying the thermodynamics of black holes, we can under-
stand the thermodynamic behavior of strongly coupled field theory systems at finite
temperatures, while traditional quantum field theory is hard to work. Black hole phase
transition is an important part of black holes. The famous Hawking-Page phase tran-
sition [45] corresponds to the confinement and deconfinement phase transition in field
theory. As complexity can be related to the grand potential, it would be interesting to
study the black hole phase transition by using complexity as a probe. We can also test
the rationality of this version of the conjecture by calculating the evolutionary behavior
of complexity over time in the phase transition process. On the other hand, we can also
reconstruct the space-time in the bulk from the nature of the boundary complexity.
In this paper, our main purpose is to examine the universality of CV2.0 by establish-
ing a connection between this conjecture, the grand potential and the grand partition
function. The reasons for connecting CV 2.0 with the partition function are largely
due to the fact that complexity of the TFD state of various extended Sachdev-Ye-
Kitaev (SYK) model calls for further investigation. Being one of the simplest strongly
1This in turn implies dC˙ ≥ 0. The variation of the complex growth rate then has a property similar
to entropy. Actually, the second law of complexity states [44]: If the computational complexity is less
than maximum, then with overwhelming likelihood it will increase, both into the future and into the
past.
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interacting system with a gravity dual, the SYK model has many appealing features
including thermodynamical and transporting properties. These properties suggest that
the SYK models are connected holographically to black holes with nearly AdS2 hori-
zons. The operator complexity of the SYK model has been studied in [46] in which
it was concluded that the complexity grows linearly. We are going to investigate the
complexity of the corresponding TFD state of various deformations of the SYK model
by exploring the complexity/partition function relation. This may provide additional
evidence supporting the SYK model/gravity duality.
The structure of this paper is organized as follows. In section 2, we will establish
the connection between complexity, the grand potential and the corresponding partition
function. We take various deformations of the SYK model as concrete examples and
calculate the corresponding complexity growth rate of the corresponding TFD state.
Then, in section 3, we extend our discussions to Schwarzschild-AdS and Reissner-
Nordstrom AdS black holes. In section 4, we relate complexity growth rate to black hole
phase transitions since the grand potential Ω can describe phase transitions. In section
5, we investigate whether our proposal violates the Lloyd bound. The conclusions and
discussions are provided in the last section.
2. Complexity and partition function
In the standard statistical physics, the grand thermodynamic potential is closely related
to the grand partition function Z via [47]
Ω = −kT lnZ. (2.1)
From the ansatz C˙ ∼ pV/~ ∼ −Ω/~, we have
C˙ =
kT
~
lnZ. (2.2)
We refer this ansatz as “complexity growth rate/partition function relation”. An alter-
native approach to obtain the relation between Z and pV is as follows. The partition
function is given by
Z = e
∑
r,s(−αNr−βEs), (2.3)
where α = µ
kT
, β = 1
kT
, Nr, Es and µ denote the particle number, energy and chemical
potential of a system, respectively. Note that
d lnZ = −N¯dα− E¯dβ − βN
∑
r,s
〈nr,s〉dEs, (2.4)
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where the averaged particle number and energy are given by
N¯ ≡ − ∂
∂α
lnZ =
∑
r,sNre
(−αNr−βEs)∑
r,s e
(−αNr−βEs) , (2.5)
E¯ ≡ −β ∂
∂β
lnZ. (2.6)
Equation (2.4) can be recast as
d(lnZ + αN¯ + βE¯) = β
(
α
β
dN¯ + dE¯ − 1N
∑
r,s
〈nr,s〉dEs
)
. (2.7)
In comparison with the first law of thermodynamics
δQ = dE¯ + δW − µdN¯, (2.8)
we arrive at
βδQ = d(lnZ + αN¯ + βE¯) = S
k
. (2.9)
Therefore, we obtain
lnZ = S
k
− αN¯ − βE¯. (2.10)
By further using the relation G = E¯ − TS + pV , we finally obtain
lnZ = PV
kT
. (2.11)
This is a fundamental relation between thermodynamics and statistic physics. Connect-
ing quantum complexity to partition functions through (1.4) and (2.11) goes beyond the
original “CV 2.0” conjecture. One may call it “Complexity/Grand potential/Partition
Function” relation or simply “CV 3.0”
lnZ = PV
kT
∼ C˙~
kT
. (2.12)
This formula is able to relate complexity closely to the microscopic physics of the SYK
model and black holes. We will evaluate this formula for various deformations of the
SYK model and black holes. Hereafter, we take ~ = k = 1.
2.1 The complexity/partition function relation in the SYK model
The SYK model as a quantum many-body model has many beautiful structures and
properties similar to a black hole. It is solvable in the large N limit and the low-energy
limit of the SYK model leads to a nonconformal contribution to four-point functions
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captured by a Schwarzian derivative. In this section, we examine the CP conjecture for
the SYK model. The original SYK model has been studied in [48–50]. We are going to
examine the complexity/partition function relation by utilizing the partition function
given in [48,49].
The SYK model is a quantum-mechanical model with N Majorana fermions with
random interactions involving q of these fermions at a time, where q is an even number.
The Hamiltonian is [49]
H = (i)q/2
∑
1≤i1<i2...iq≤N
ji1i2...iqχi1χi2 · · ·χiq . (2.13)
Each coefficient is a real variable drawn from a random Gaussian distribution satisfies
〈j2i1...iq〉 = J2(q−1)!/N q−1. After writing the original partition function of the theory as
a functional integral with a collective action based on the Luttinger-Ward analysis [51],
one can obtain the free energy and the entropy. The general expression of the free
energy, in a low temperature expansion, has the form [48]
logZ = −βE0 + S0 + c
2β
+ · · · , (2.14)
where the ground state energy, entropy and specific heat are all proportional to N . The
zero temperature entropy is given for general q, that is S0
N
∼ 1
2
log 2− pi2
4q2
+ · · · . From
the relation C˙ ∼ T lnZ, the complexity growth rate is then given by
C˙ ∼ −E0 + S0
β
+
c
2β2
+ ... (2.15)
The first two terms in (2.15) are consistent with the complexity of charged black holes
obtained in [9,16], while the third term can be considered as a higher order correction.
Equation (2.15) reflects that TS0 is competing with the ground energy E0. This also
agrees with the behavior one would expect based on a quantum circuit model of com-
plexity [9, 15]: The rate of quantum computation measured in gates per unit time is
proportional to the product TS; The entropy appears because it represents the width
of the circuit and the temperature is an obvious choice for the local rate at which a
particular qubit interacts.
2.2 The complex SYK model
We can extend our discussion to include the case of the complex SYK fermions. The
zero-dimensional SYK model with complex fermions fi label by i = 1, ...N . The Hamil-
tonian is [50]
H0 =
∑
1≤i1<i2...iq/2≤N
Ji1i2...iqf
†
i1
f †i2 · · · f †iq/2fiq/2+1 · · · fiq−1fiq . (2.16)
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The grand potential is given by [50]
Ω = ...− J2
∫ 1/T
0
dτ [G(τ)]q/2[G(1/T − τ)]q/2. (2.17)
The thermodynamics of the zero-dimensional complex SYK model was discussed in [50].
The complete grand potential, including the contribution of the ground state energy is
given by,
Ω = E0 − µ0Q− TG + ..., (2.18)
where Q is the charge density, Q is a parameter related to the entropy. That is to say
Q = − 1
2pi
dG
dE , (2.19)
S = G + 2piEQ, (2.20)
where S is the entropy and E is a parameter controlling the particle-hole symmetry.
Subtracting the ground state energy, we simply obtain
C˙ ∼ TG. (2.21)
In the E → 0 limit, it becomes C˙ ∼ TS. This result also agrees with [16].
2.3 Complexity growth rate and higher dimensional SYK model
Higher dimensional extensions of the original SYK models were investigated widely
because such models can give interesting quantum critical properties, such as linear-
in-T resistivity [52, 53], many-body localization to metal phase transition [54, 55] and
so on. Recently, Patel et al. [56] and Chowdhury et al. [53] constructed a (2+1)di-
mensional strongly correlated solvable model, consisting of coupled SYK islands, which
yields linear-in-T and linear-in-B behaviors. We are going to examine the complexity
growth rate of this model. The (2+1)-dimensional SYK model given in [53] with the
Hamiltonian
H = Hc +Hf +Hcf , (2.22)
with
Hc =
∑
r,r′
∑
l
(−tc
r,r′ − µcδr,r′ )c†rlcr′ l +
1
(2N)3/2
∑
r
∑
ijkl
ucijklc
†
ric
†
rjcrkcrl, (2.23)
Hf =
∑
r,r′
∑
l
(−tf
r,r′ − µfδr,r′ )f
†
rlfr′ l +
1
(2N)3/2
∑
r
∑
ijkl
ufijklf
†
rif
†
rjfrkfrl. (2.24)
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The inter-band interaction Hcf is chosen to be
Hcf =
1
N3/2
∑
r
∑
ijkl
Vijklc
†
rif
†
rjcrkfrl, (2.25)
where the coefficients Vijkl, are chosen to be identical at every site with u
f
ijkl = Vijkl = 0,
and the distribution of the couplings satisfy (ufijkl)
2 = u2f , (u
f
ijkl)
2 = 0 and (vijkl)2 = u
2
cf .
This model can be regarded as two independent subsystems: the conducting c fermions
with a hopping tc
r,r′ , and the local and immobile f fermions with SYK interaction at
each site. As to the thermodynamics properties of the intermediate non-fermi liquid
regime, one can evaluate the entropy density through S = −∂F
∂T
. This gives three
contributions to the entropy density S = S
2NV
,
S(T ) = Sc(T ) + Sf (T ) + Sint(T ), (2.26)
with
Sf (T ) = S0,q + γqT, (2.27)
Sc(T ) ∼ T 1/z ∼ T 4∆(q), (2.28)
Sint(T ) ∼ T 1+4∆(q). (2.29)
where ∆ = 1
q
and γq is a constant. Here, Sf (T ) is the entropy of a single SY Kg model,
Sc(T ) comes from c-fermions, and Sint(T ) originates from the inter-species interaction
term Hint. The complexity growth rate is then
C˙f ∼
∫
SfdT =
∫
(S0,q + γqT )dT = S0,qT + 1
2
γqT
2 + · · · , (2.30)
C˙c ∼
∫
ScdT =
∫
T 4∆(q)dT =
1
4∆ + 1
T 4∆+1 + · · · , (2.31)
C˙int ∼
∫
SintdT =
∫
T 1+4∆(q)dT =
1
4∆ + 2
T 4∆+2 + · · · . (2.32)
The complexity growth rate of f fermions obeys the relation C˙ ∼ TS0,q. However, the
complexity growth rate for c-fermions and the interaction term do not obey on the
entropy, which is because the c-fermions do not obey the SYK interaction. Therefore
the subsystem for c-fermions does not yield a gravity dual. This result in turn further
indicates that the SYK model indeed has its own gravity dual.
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2.4 Complexity growth rate of thermofield double state of SYK “worm-
holes”
A pair of SYK islands of Majorana fermions with identical two-body interactions, cou-
pled by one-body hopping, have been used to describe eternal traversable wormholes in
a dual gravity theory [57]. The configuration contains negative null energy generated
by quantum fields under the influence of an external coupling [57]. The dynamics of
the two coupled SYK systems looks like that of a traversable wormhole.
The Hamiltonian takes the form [57]
Htotal = HL,SYK +HR,SYK +Hint, Hint = iµ
∑
j
χjLχ
j
R. (2.33)
The system will develop an approximate conformal symmetry at energy scales less than
J . The effects of the coupling µ are as a perturbation to the approximately conformal
system. The thermofield double state is a pure state of the combined, while left and
right systems have a large value of the left-right correlators. At small coupling µ,
the ground state is very close to the thermofield double state |TFD〉 of the decoupled
systems.
At higher temperature, the partition function of the coupled system is then given
by [57]
logZ = 2S0 + (2pi)
2
β
+ η2β2−4∆
∫ 1
0
dx
pi
sinxpi
+ ... (2.34)
where S0 is the ground state entropy of each SYK model and η is a parameter. To
leading order, the complexity growth rate is given by
C˙ ∼ 2S0T +O(T 2). (2.35)
This again agrees with our original proposal. However there is a factor difference from
the result obtained on the gravity side, the complexity growth rate of JT gravity [58]
C˙ ∼ 4TS0 +O(T 2). (2.36)
But our result agrees with [59].
3. The complexity/partition function relation for AdS black
holes
The relation lnZ ∼ pV/T ∼ C˙/T closely relates the microscopic physics ( i.e. the grand
partition function) with the complexity growth rate. The origin of the microscopic
– 10 –
states of Schwarzschild black hole still remains elusive. Within a semiclassical regime
we can think of the partition function of the bulk theory as a path integral over metrics.
Given the Euclidean saddle points of the bulk theory, the partition function is
Z = e−IE [g∗], (3.1)
where IE[g∗] is the Euclidean action at the saddle point. In the following, we use the
notations given in [60]. The bulk action for Schwarzschild-AdS black hole with the
Gibbons-Hawking boundary term is given by
IE = − 1
2κ2
∫
M
dd+1x
√
g
(
R+
d(d− 1)
L2
)
+
1
2κ2
∫
∂M
ddx
√
γ
(
− 2K + 2(d− 1)
L
)
, (3.2)
where γ is the induced metric on the boundary and K is the trace of the extrinsic
curvature.
One saddle is obtained by analytic continuation of the Schwarzschild-AdS metric,
setting τ = it. That is
ds2∗ =
L2
r2
[
− f(r)dt2 + dr
2
f(r)
+ dxidxi
]
, (3.3)
f(r) = 1−
(
r
r+
)d
. (3.4)
The Hawking temperature of the black hole is
T =
dr+
4piL2
. (3.5)
The corresponding entropy is then given by
S =
(4pi)dLd−1
2κ2dd−1
Vd−1T d−1. (3.6)
After some calculation, one can evaluate the action of the Euclidean Schwarzschild-AdS
black hole
IE = −(4pi)
dLd−1
2κ2dd
Vd−1T d−1. (3.7)
The complexity growth rate then is given by
C˙ ∼ −TIEd = (4pi)
dLd−1
2κ2dd−1
Vd−1T d (3.8)
We can also obtain the free energy from the Euclidean action
F = −T lnZ = −(4pi)
dLd−1
2κ2dd
Vd−1T d. (3.9)
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We conclude that F = −C˙ = TS/d.
For RN-AdS black holes, the corresponding bulk action is the Einstein-Maxwell
theory
IE =
∫
dd+1x
√
g
[
1
2κ2
(
R +
d(d− 1)
L2
)
− 1
4g2
F 2
]
, (3.10)
where F = dA is the electromagnetic field strength. Working in the grand canonical
ensemble with µ fixed and using the notation Ω = −T lnZ, where Z is the partition
function defined by the gravitational integral. The metric of the RN-AdS black hole is
given by
ds2 =
L2
r2
[
− f(r)dt2 + dr
2
f(r)
+ dxidxi
]
, (3.11)
f(r) = 1−
[
1 +
r2+µ
2
γ2
(
r
r+
)d +
r2+µ
2
γ2
(
r
r+
)2(d−1)
]
. (3.12)
The corresponding Hawking temperature is given by
T =
1
4pir+
(
d− (d− 2)r
2
+µ
2
γ2
)
, γ2 =
(d− 1)g2L2
(d− 2)κ2 . (3.13)
The grand potential is obtained as
Ω = − L
d−1
2κ2rd+
(
1 +
r2+µ
2
γ2
)
Vd−1. (3.14)
From the complexity/grand potential relation, the complexity growth rate can then be
obtained as
C˙ = −Ω. (3.15)
The most remarkable feature of the holographic principle is the Bekenstein Hawking
area law for black hole entropy
S =
A
4
. (3.16)
In thermodynamics, the well known thermodynamic relation is
S = −(∂Ω
∂T
)µ. (3.17)
This ansatz strongly indicates that S = ∂C˙
∂T
, so one may evaluate the complexity growth
rate via C˙ = ∫ SdT .
Actually, the relation lnZ ∼ pV/T ∼ C˙/T has its deep connections with the CA
conjecture. In the Euclidean coordinates, the action IE is related to the partition
function via
IE = − lnZ, (3.18)
– 12 –
Therefore, we have
C˙ = −TIE. (3.19)
That is to say, complexity is closely related to the action in the Euclidean spacetime.
The difference between the original CA conjecture and the formula obtained in (3.18)
is that there is a minus sign. This means that the complexity growth rate can be
positive or negative, which actually relates to the stability of black holes. For thermo-
dynamically stable black holes, the minimum and negative free energy refers that the
complexity growth rate is positive. For thermodynamically unstable black holes, the
corresponding positive free energy indicates that the complexity growth rate is negative
signalizing phase transitions would happen.
4. Complexity growth rate and black hole phase transition
4.1 Schwarzschild-AdS Black Hole
In this section we will focus on the relationship between complexity and AdS black hole
phase transition. We focus on the 4-dimensional Schwarzschild-AdS black holes. For
such black holes, P = −Λ
8pi
, Λ = − 3
l2
, V =
4pir3+
3
, the standard Schwarzschild-AdS Black
Hole metric is written as
ds2 = −
(
1− 2M
r
+
r2
l2
)
dt2 +
(
1− 2M
r
+
r2
l2
)−1
dr2 + r2dΩ2, (4.1)
where M given by M = r+
2
(1 +
r2+
l2
) is the black hole mass and l is the radius of
curvature of the AdS space-time. The Hawking temperature at the horizon and the
entropy is given by
T =
f ′(r+)
4pi
=
1
4pir+
(
1 +
3r2+
l2
)
, S = pir2+. (4.2)
The form of M shows that for any positive mass, there is only one horizon. As a
consequence, this kind of black hole does not admit any extremal configuration in
which M has a minimum. From the formula (4.2) one can see that T has a minimum
value of
√
3
2pil
when r+ =
l√
3
. For T < Tmin, there are no black holes but a pure radiation
phase. The background heat bath is too cold to admit nucleation of black holes. For
T = Tmin, a single black hole is formed with a radius of rmin =
l√
3
. For T > Tmin, a
pair of black holes (large/small) exist with radius given by
rl,s =
T
2piT 2min
(
1±
√
1− T
2
min
T 2
)
, rs < rmin, rl > rmin, (4.3)
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T < TminPure radiation
Tmin
Locally stable BH
THP > TminRadiation-BH phaes
T > THPStable BH
r+
c

0.5 1.0 1.5 2.0 2.5 3.0
-2
-1
1
2
Figure 1: C˙ as a function of the black hole horizon radius for fixed l=1, and increasing
temperature T =
√
1
2
2pil (blue line), T =
√
3
2pil (orange line), T =
1
2pil (green line) and T =
3
4pil
(red line) from top to bottom .
One can compute the difference of Euclidean action between the black hole metric
and that of anti-de Sitter space, and in this case the contribution of the surface term
is zero. The action equals to the difference in four-volumes of the two metrics and is
given by [45]
I =
pir2+(l
2 − r2+)
l2 + 3r2+
, (4.4)
Now we noticed
C˙ ∼ T lnZ = −TIE = r
3
+
4l2
− r+
4
. (4.5)
When the temperature is less than Tmin, the maximum value of the complexity
growth rate is at the origin (r+ = 0); When the temperature is equal to Tmin, the
function reach the inflection point at r+ =
1
2piTmin
= l√
3
. Above this temperature,
there are two black holes, the small black hole corresponds to a locally minimum of
C˙, while the larger one is locally stable being a locally maximum. With increasing
T, C˙ becomes the locally maximum when the temperature reaches the Hawking phase
transition temperature T = 1
pil
≡ THP .
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4.2 Reissner-Nordstrom AdS Black Holes
For many years, physicists have found that AdS charged black holes have almost the
same thermodynamic properties as van der Waals gas (for example, have the same P-V
criticality) [61]. The standard 4-dimensional RN-AdS black hole metric is
ds2 = −
(
1− 2M
r
+
r2
l2
+
Q2
r2+
)
dt2 +
(
1− 2M
r
+
r2
l2
+
Q2
r2+
)−1
dr2 + r2dΩ2. (4.6)
The Hawking temperature at the horizon and the entropy is given by
T =
f ′(r+)
4pi
=
1
4pir
(
1 +
3r2+
l2
− Q
2
r2+
)
, S = pir2+. (4.7)
In order to obtain the partition function of the system, we calculate its Euclidean
action. For a fixed charge Q, one considers a surface integral
Is = − 1
8pi
∫
∂M
d3x
√
hK − 1
4pi
∫
∂M
d3x
√
hnaF
abAb, (4.8)
The first term is the standard Gibbons-Hawking term and the second term is needed
to impose fixed Q as a boundary condition at infinity. So the total action is then given
by
I = IEM + Is + Ic, (4.9)
where IEM is given by IEM = − 116pi
∫
M
√
g(R−F 2 + 6
l2
), and Ic represents the invariant
counterterms needed to cure the infrared divergences [62,63]. The total action was first
calculated in [61,64] and reads
I =
β
4l2
(
l2r+ − r3+ +
3l2Q2
r+
)
. (4.10)
So in this case the complexity rate is
C˙ ∼ T lnZ = −TIE = r
3
+
4l2
− r+
4
− 3Q
2
4r+
. (4.11)
Previous work on the critical behaviour of RN-AdS black hole in the non-extended
phase space demonstrates that in the canonical (fixed charge) ensemble, for Q < Qc,
there exists a first order phase transition in the system [64, 65]. The critical point of
the RN-AdS black hole, given by Tc =
√
6
18piQ
, Pc =
1
96piQ2
[66].
We then consider the phase transition of the AdS charged black hole system in
the extended phase space while we treat the black hole charge Q as a fixed external
parameter, not a thermodynamic variable. The behaviour of C˙ is depicted in Fig.2.
Since the C˙ demonstrates characteristic “wallow tail” behaviour, there is a first order
transition in the system as T < Tc.
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Figure 2: C˙ as a function of temperature for fixed Q = 1. The blue line corresponds to
P/Pc = 0.55, and the green line corresponds to critical pressure P = Pc ≈ 0.0033. Obviously,
for T < Tc ≈ 0.043 there is a (small black hole)-(large black hole) first-order phase transition.
5. Relations to Lloyd Bound
5.1 Neutral static black holes
Obviously, according to the definition of quantum complexity, we can see that any way
to produce states has already limited the growth of complexity. Inspired by Margolus-
Levitin theorem [67], Lloyd conjecture that the orthogonal time τ⊥ is bounded below
by
τ⊥ ≥ h
4E
, (5.1)
where E is the average energy of the state. If we take the reciprocal of both sides and
describe the left side of the equation as the rate of complexity, then we came to the
conclusion: the rate of complexity is limited by the energy of the system.
C˙ ≤ 2E
pi~
. (5.2)
which is the Lloyd bound. In calculations with Schwarzschild-AdS black holes, E will
be the mass M of the black hole. We found that CV2.0 does not strictly obey the Lloyd
bound. In Fig.3, we plot PV~ /
2M
pi~ and C˙/2Mpi~ as a function of the black hole radius r+.
We can see that in this case the complexity rate denoted by (4.5) always satisfies the
Lloyd bound. Actually, we test the Schwarzschild AdS black hole of all sizes r+ ∼ lads,
r+  lads, r+  lads. They are always consistent with the Lloyd bound.
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PVℏ  2Mπℏ
C
  2Mπℏ
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Figure 3: Plot of PV~ /
2M
pi~ expressed with blue lines and C˙/2Mpi~ expressed with yellow lines
as a function of the black hole radius r+, we have set l=1, ~ = 1.
5.2 Charged black holes
As argued in [16], the existence of conserved charges slows down the growth of com-
plexity at late time, The thermofield double state includes a chemical potential µ:
|TFDµ〉 = 1√
Z
∑
n
e−β(En+µQn)/2 |EnQn〉L |En −Qn〉R . (5.3)
This state time-evolves by the Hamiltonian HL + µQL on the left, and HR − µQR on
the right:
|ψ(tL, tR)〉 = e−i(HL+µQL)tLe−i(HR−µQR)tR |TFDµ〉 , (5.4)
where HL and HR are the µ = 0 Hamiltonians. According to the same argument
leading to the boundary of µ = 0, the complex boundary becomes [16]
C˙ ≤ 2
pi~
[(M − µQ)− (M − µQ)gs] , (5.5)
where (M − µQ)gs is the ground state of (M − µQ), which is either an empty AdS
spacetime or an extreme black hole. In Fig.6, we plot the growth of the complexity as
a function of the black hole horizon for the three radius. All of them are below the
bound given in (5.5).
5.3 Einstein scalar theory: case 1
In [43], the authors found that for black holes in Einstein-scalar theory the Lloyd bound
can be violated, because the volume of black hole singularity becomes negative. It is
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Figure 4: C˙ expressed with yellow lines and Lloyd bound expressed with blue lines as a
function of r+ with different sizes. The left figure is the case of the r+ ∼ lAdS , the middle
figure is the case of the r+ >> lAdS , and the figure on the right is the case of the r+ << lAdS .
l = 1, Q = 0.4
of interesting to check whether such black holes still violates the Lloyd bound in own
set-up. The Lagrangian of the Einstein-scalar theory takes the general form
L = √−g
(
R− 1
2
(∂φ)2 − V (φ)
)
. (5.6)
We begin with the example D = 4 case, in which the potential is [68]
V (φ) = −2g2 ((coshφ+ 2)− 2β2(2φ+ φ coshφ− 3 sinhφ)) , (5.7)
where the parameter β is a fixed dimensionless quantity. The theory admits asymptotic
AdS black hole, given by [68]
ds2 = −fdt2 + dr
2
f
+ r(r + q)dΩ22,k, e
φ = 1 +
q
r
,
f = g2r2 + k − 1
2
g2β2q2 + g2(1− β2)qr + g2β2r2(1 + q
r
) log(1 +
q
r
). (5.8)
The solution contains only one integral constant q, parameterizing the mass
M =
1
12
g2β2q3, (5.9)
and the thermodynamical variables are [43]
T =
f ′(r+)
4pi
, S = pir+(r+ + q), P =
3g2
8pi
, (5.10)
V =
2
3
pir3+(1 +
q
r+
)(2 +
q
r+
)
(
1 + β2 log(1 +
q
r+
)
)
− 1
9
piβ2q(q2 + 12qr+ + 12r
2
+),
combined with the above physical quantities, we calculate the complexity as
C˙ = 1
12
g2
(
−β2q3 + 3r+(q + r+)
(
q − 2β2q + 2r+ + β2(q + 2r+) log[q + r+
r+
]
))
.
(5.11)
Note that since T > 0, S > 0 and M > 0, we can conclude that C˙ = TS −M < 2M ,
so the Lloyd bound is satisfied for this case.
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5.4 Einstein scalar theory: case 2
We now consider the other scalar potential as given in [69]
V (φ) =− 1
2
(D − 2)g2eµ−1ν Φ
×
[
(µ− 1)((D − 2)µ− 1)e 2νΦ − 2(D − 2)(µ2 − 1)e 1νΦ + (µ+ 1)((D − 2)µ+ 1)
]
− (D − 3)
2
2(3D − 7)(µ+ 1)αe
− 1
ν
(4+ µ+1
D−3 )Φ(e
1
ν
Φ − 1)3+ 2D−3 × [(3D − 7)e 1νΦ
2F1[2, 1 +
(D − 2)(µ+ 1)
D − 3 ; 3 +
2
D − 2; 1− e
1
ν
Φ]
− ((3D − 7) + (D − 2)(µ− 1))2F1[3, 2 + (D − 2)(µ+ 1)
D − 3 ; 4 +
2
D − 2; 1− e
1
ν
Φ]
The metric of the solution is given by [69]
ds2 = − f
H1+µ
dt2 +H
1+µ
D−3
(
dr2
f
+ r2dΩ2D−2
)
, H = 1 +
q
rD−3
(5.12)
f =g2r2H
(D−2)(µ+1)
D−3 + kH − βg2r2(H − 1)D−1D−3
×2 F1(1, (D − 2)(µ+ 1)
D − 3 ;
2(D − 2)
D − 3 ; 1−
1
H
).
The solution contains one integral constant q, parameterizing the mass of the solution,
given by
M =
(D − 2)ΩD−2q(βg2q 2D−3 + kµ)
16pi
, (5.13)
thermodynamical variables are given by [43]
T =
H
− (D−2)(µ+1)
2(D−3)
+
4pi
f ′+, S =
ΩD−2
4
rD−2+ H
(D−2)(µ+1)
2(D−3)
+ p =
(D − 1)(D − 2)g2
16pi
,
V =
ΩD−2rD−1((1− µ)H + µ+ 1)H
(D−2)(µ+1)
2(D−3)
2(D − 1) +
ΩD−2βq
D−1
D−3
2(D − 1)H(
2H − ((1− µ)(H − 1) + 2)2F1[1, (1 + µ)(D − 2)
D − 3 ;
2(D − 2)
D − 3 ; 1−H
−1]
)
.
(5.14)
Simply, we set D = 4, β = g = k = 1. In the case of µ = −1, we calculate the
complexity result as
C˙ = (2r
3
+ − q3 + q)Ω2
16pi
, (5.15)
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and for µ = 1, the form is expressed as
C˙ = (2r
3
+ − 5q3 + q(4r2+ − 3))Ω2
16pi
. (5.16)
Note also that in case, we can also conclude that the Lloyd bound is satisfied because
C˙ = TS −M < 2M .
From these results, we may conclude that the complexity/partition function rela-
tion can satisfy the Lloyd bound for various conditions. Under the consideration of the
principle of maximal work, the Lloyd bound seems not to be saturated by the complex-
ity/partition function relation. For example, for Schwarzschild-AdS black holes with
planar horizons the complexity growth rate C˙ = M/2, having a factor difference from
the Lloyd bound.
6. Discussion and Conclusion
In summary, by examining the CV 2.0 (i.e. C˙ ∼ PV ) and using a fundamental relation
between thermodynamics and statistical physics lnZ = PV/kT = −Ω/kT , we obtain
a relation between the complexity, the grand potential and the partition function. For
canonical ensembles, the grand potential reduces to the free energy of the system.
In order to illustrate the validity of our proposal C˙ ∼ T lnZ, we have studied the
complexity of the TFD state of various deformations of the SYK model. For the
original SYK model and its extension to the complex field, the relation C˙ ∼ TS is well
respected. For (2 + 1)-dimensional SYK model with two bands where f fermions form
the bulk geometry while the conducting c fermions live on the boundary. It turns out
that only the f -fermions involving the SYK interactions obeys the relation C˙ ∼ TS. We
further studied the complexity growth rate of the TFD state of the SYK “wormholes”
and found that the result agrees with [58] at the qualitative level.
We then applied the complexity/partition function relation to cases of AdS black
holes. For both Schwarzschild-AdS and RN-AdS black holes, the relation C˙ ∼ −F
holds. The connections between complexity and phase transition were then discussed.
It seems that the quantum complexity can be regarded as an order parameter for phase
transitions. We have also checked whether our proposal violates the Lloyd bound. The
results show that both the original Lloyd bound and the generalized Lloyd bound are
satisfied for Schwarzschild-AdS and RN-AdS black holes.
Quantum computational process can be considered as a way toward complexity
increasing and work should be done during this process. In thermodynamics, there is
a well-known principle-the principle of maximum work dW ≤ −dF . In [70], it was
proposed that for general two-horizon black holes, the complexity growth rate in the
– 20 –
WDW patch can be expressed as C˙ = H+ −H−, that is to say, the difference between
the enthalpy associated with the inner and outer horizons. Later, a new CV conjecture
was proposed as [43]
C˙ = 2P∆V, (6.1)
with ∆V = V + − V −, where V ± are the thermodynamical volumes on the outer and
inner horizons. This is analogous to the mechanical work in the ordinary thermody-
namics, i.e. ∆W = P∆V . From the principle of maximum work, we can write down
an analogous relation C˙ = 2P∆V = 2∆W ≤ −2∆F . For CV 2.0, this relation simply
reduces to C˙ ≤ −∆F . In this work, we assume C˙ ∼ −Ω and examine this relation for
several conditions. The results show that the Lloyd bound is not violated, but cannot
be saturated exactly. Much more can be studied on the relation between complexity,
thermodynamics and statistical mechanics, we defer further study on their connections
in future studies.
Acknowledgement
We would like to thank Hong Lu¨, Song He and Runqiu Yang for helpful discussions.
This work is partly supported by NSFC (No.11875184 & No.11805117).
References
[1] J. M. Maldacena, “ The Large N Limit of Superconformal Field Theories and
Supergravity,” Int. J. Theor. Phys. 38, 1113 (1999), [arXiv:hep-th/9711200].
[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from
noncritical string theory,” Phys. Lett. B 428, 105 (1998), [arXiv:hep-th/9802109].
[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253
(1998) [hep-th/9802150].
[4] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field
theories, string theory and gravity,” Phys. Rept. 323, 183 (2000)
[arXiv:hep-th/9905111].
[5] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from
AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [arXiv:hep-th/0603001].
[6] J. M. Maldacena, “Eternal black holes in anti-de Sitter,” JHEP 0304, 021 (2003)
[arXiv:hep-th/0106112].
– 21 –
[7] T. Hartman and J. Maldacena, “Time Evolution of Entanglement Entropy from Black
Hole Interiors,” JHEP 1305, 014 (2013) arXiv:1303.1080 [hep-th].
[8] L. Susskind, “Butterflies on the Stretched Horizon,” [arXiv:1311.7379 [hep-th]].
[9] L. Susskind, “Computational Complexity and Black Hole Horizons,” [Fortsch. Phys.
64, 24 (2016)] Addendum: Fortsch. Phys. 64, 44 (2016) [arXiv:1403.5695 [hep-th]].
[10] L. Susskind, “Addendum to computational complexity and black hole horizons,”
[Fortsch. Phys. 64, 44 (2016)].
[11] D. Stanford and L. Susskind, “Complexity and Shock Wave Geometries,” Phys. Rev. D
90, no. 12, 126007 (2014) [arXiv:1406.2678 [hep-th]].
[12] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, “Holographic
Complexity Equals Bulk Action?,” Phys. Rev. Lett. 116, no. 19, 191301 (2016)
[arXiv:1509.07876 [hep-th]].
[13] J. Maldacena and L. Susskind, “Cool horizons for entangled black holes,” Fortsch.
Phys. 61, 781 (2013) [arXiv:1306.0533 [hep-th]].
[14] L. Susskind, “ER=EPR, GHZ, and the consistency of quantum measurements,”
Fortsch. Phys. 64, 72 (2016) [arXiv:1412.8483 [hep-th]].
[15] P. Hayden and J. Preskill, “Black holes as mirrors: Quantum information in random
subsystems,” JHEP 0709, 120 (2007) [arXiv:0708.4025 [hep-th]].
[16] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, “Complexity, action,
and black holes,” Phys. Rev. D 93, no. 8, 086006 (2016) [arXiv:1512.04993 [hep-th]].
[17] D. Carmi, R. C. Myers and P. Rath, “Comments on Holographic Complexity,” JHEP
1703, 118 (2017) [arXiv:1612.00433 [hep-th]].
[18] R. Q. Yang, C. Niu and K. Y. Kim, “Surface Counterterms and Regularized
Holographic Complexity,” JHEP 1709, 042 (2017) [arXiv:1701.03706 [hep-th]].
[19] L. Lehner, R. C. Myers, E. Poisson and R. D. Sorkin, “Gravitational action with null
boundaries,” Phys. Rev. D 94, no. 8, 084046 (2016) [arXiv:1609.00207 [hep-th]].
[20] Y. G. Miao and L. Zhao, “Complexity-action duality of the shock wave geometry in a
massive gravity theory,” Phys. Rev. D 97, no. 2, 024035 (2018) [arXiv:1708.01779
[hep-th]].
[21] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers and S. Sugishita, “On the Time
Dependence of Holographic Complexity,” JHEP 1711, 188 (2017) [arXiv:1709.10184
[hep-th]].
– 22 –
[22] Y. S. An and R. H. Peng, “Effect of the dilaton on holographic complexity growth,”
Phys. Rev. D 97, no. 6, 066022 (2018) [arXiv:1801.03638 [hep-th]].
[23] R. G. Cai, M. Sasaki and S. J. Wang, “Action growth of charged black holes with a
single horizon,” Phys. Rev. D 95, no. 12, 124002 (2017) [arXiv:1702.06766 [gr-qc]].
[24] J. Jiang and M. Zhang, “Holographic complexity of the electromagnetic black hole,”
arXiv:1905.07576 [hep-th].
[25] S. Mahapatra and P. Roy, “On the time dependence of holographic complexity in a
dynamical Einstein-dilaton model,” JHEP 1811, 138 (2018)[arXiv:1808.09917[hep-th]].
[26] E. Yaraie, H. Ghaffarnejad and M. Farsam, “Complexity growth and shock wave
geometry in AdS-Maxwell-power-YangMills theory,” Eur. Phys. J. C 78, no. 11, 967
(2018) [arXiv:1806.07242 [gr-qc]].
[27] R. G. Cai, S. M. Ruan, S. J. Wang, R. Q. Yang and R. H. Peng, “Action growth for
AdS black holes,” JHEP 1609, 161 (2016) [arXiv:1606.08307 [gr-qc]].
[28] J. Jiang, “Action growth rate for a higher curvature gravitational theory,” Phys. Rev.
D 98, no. 8, 086018 (2018) [arXiv:1810.00758 [hep-th]].
[29] P. A. Cano, R. A. Hennigar and H. Marrochio, “Complexity Growth Rate in Lovelock
Gravity,” Phys. Rev. Lett. 121, no. 12, 121602 (2018) [arXiv:1803.02795 [hep-th]].
[30] Y. S. An, R. G. Cai and Y. Peng, “Time Dependence of Holographic Complexity in
Gauss-Bonnet Gravity,” Phys. Rev. D 98, no. 10, 106013 (2018) [arXiv:1805.07775
[hep-th]].
[31] J. Jiang and X. W. Li, “Adjusted complexity equals action conjecture,” Phys. Rev. D
100, no. 6, 066026 (2019) [arXiv:1903.05476 [hep-th]].
[32] Z. Y. Fan and M. Guo, “Holographic complexity and thermodynamics of AdS black
holes,” Phys. Rev. D 100, 026016 (2019) [arXiv:1903.04127 [hep-th]].
[33] J. Couch, W. Fischler and P. H. Nguyen, “Noether charge, black hole volume, and
complexity,” JHEP 1703, 119 (2017) [arXiv:1610.02038 [hep-th]].
[34] Z. Y. Fan and M. Guo, “On the Noether charge and the gravity duals of quantum
complexity,” JHEP 1808, 031 (2018) [arXiv:1805.03796 [hep-th]].
[35] X. H. Ge and B. Wang, “Quantum computational complexity, Einstein’s equations and
accelerated expansion of the Universe,” JCAP 1802, 047 (2018) [arXiv:1708.06811
[hep-th]].
– 23 –
[36] L.-P. Du, S.-F. Wu and H.-B. Zeng, “Holographic complexity of the disk subregion in
(2+1)-dimensional gapped systems,” Phys. Rev. D 98, 066005 (2018)
[arXiv:1803.08627[hep-th]].
[37] D. Kastor, S. Ray and J. Traschen, “Enthalpy and the Mechanics of AdS Black Holes,”
Class. Quant. Grav. 26, 195011 (2009) [arXiv:0904.2765 [hep-th]].
[38] D. Kubiznak and R. B. Mann, “Black hole chemistry,” Can. J. Phys. 93, no. 9, 999
(2015) [arXiv:1404.2126 [gr-qc]].
[39] B. P. Dolan, “Where Is the PdV in the First Law of Black Hole Thermodynamics?,”
[arXiv:1209.1272 [gr-qc]].
[40] A. M. Frassino, R. B. Mann and J. R. Mureika, “Lower-Dimensional Black Hole
Chemistry,” Phys. Rev. D 92, no. 12, 124069 (2015) [arXiv:1509.05481 [gr-qc]].
[41] D. Kubiznak, R. B. Mann and M. Teo, “Black hole chemistry: thermodynamics with
Lambda,” Class. Quant. Grav. 34, no. 6, 063001 (2017) [arXiv:1608.06147 [hep-th]].
[42] C. V. Johnson, “Holographic Heat Engines,” Class. Quant. Grav. 31, 205002 (2014)
[arXiv:1404.5982 [hep-th]].
[43] H. S. Liu, H. Lu¨, L. Ma and W. D. Tan, “Holographic Complexity Bounds,”
arXiv:1910.10723 [hep-th].
[44] A. R. Brown and L. Susskind, “Second law of quantum complexity,” Phys. Rev. D 97,
no. 8, 086015 (2018) [arXiv:1701.01107 [hep-th]].
[45] Hawking, S. W. , and D. N. Page , “Thermodynamics of black holes in anti-de Sitter
space,” Communications in Mathematical Physics 87, 4(1983):577-588.
[46] R. Q. Yang and K. Y. Kim, “Time evolution of the complexity in chaotic systems:
concrete examples,”[arXiv:1906.02052[hep-th]]
[47] Pathria R K . Statistical Mechanics (Second Edition)[M]. 1996.
[48] A. Kitaev, A simple model of quantum holography, talks at KITP, 7 April 2015 and 27
May 2015.
[49] J. Maldacena and D. Stanford, “Remarks on the Sachdev-Ye-Kitaev model,” Phys.
Rev. D 94, no. 10, 106002 (2016) [arXiv:1604.07818 [hep-th]].
[50] R.A. Davison, W. Fu, A. Georges, Y. Gu, K. Jensen and S. Sachdev, “Thermoelectric
transport in disordered metals without quasiparticles: The Sachdev-Ye-Kitaev models
and holography,” Phys. Rev. B 95 (2017) 155131 [arXiv:1612.00849]
– 24 –
[51] A. Georges, O. Parcollet and S. Sachdevm, “ Quantum fluctuations of a nearly critical
Heisenberg spin glass,” Phys. Rev. B 63 (2001) 134406 [cond-mat/0009388].
[52] X.-Y. Song, C.-M. Jian and L. Balents, A strongly correlated metal built from
Sachdev-Ye-Kitaev modelsStrongly Correlated Metal Built from Sachdev-Ye-Kitaev
Models, Phys. Rev. Lett. 119 (2017) 216601 [arXiv:1705.00117]
[53] D. Chowdhury, Y. Werman, E. Berg and T. Senthil, “Translationally invariant
non-Fermi liquid metals with critical Fermi-surfaces: Solvable models,” Phys. Rev. X 8,
no. 3, 031024 (2018) [arXiv:1801.06178 [cond-mat.str-el]].
[54] S.-K. Jian and H. Yao, “Solvable Sachdev-Ye-Kitaev models in higher dimensions: from
diffusion to many-body localization,” Phys. Rev. Lett. 119 (2017) 206602
[arXiv:1703.02051]
[55] W. Cai, X.-H. Ge, and G.-H. Yang, “Diffusion in higher dimensional SYK model with
complex fermions,” JHEP 01 (2018) 076.
[56] A. A. Patel, J. McGreevy, D. P. Arovas and S. Sachdev, “Magnetotransport in a model
of a disordered strange metal,” Phys. Rev. X 8, no. 2, 021049 (2018) [arXiv:1712.05026
[cond-mat.str-el]].
[57] J. Maldacena and X.-L. Qi, “Eternal traversable wormhole,” [arXiv:1804.00491[hep-th]]
[58] A. R. Brown, Hrant Gharibyan, H. W. Lin, L. Susskind1, L. Thorlacius, Y. Zhao, “The
Case of the Missing Gates: Complexity of Jackiw-Teitelboim Gravity,”
[arXiv:1810.08741[hep-th]]
[59] R. G. Cai, S. He, S. J. Wang and Y. X. Zhang, “Holographic Complexity in
Two-Dimensional Gravity, ” (to appear)
[60] S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,”
[arXiv:0903.3246[hep-th]]
[61] M. M. Caldarelli, G. Cognola and D. Klemm, “Thermodynamics of Kerr-Newman-AdS
black holes and conformal field theories,” Class. Quant. Grav. 17, 399 (2000)
[hep-th/9908022].
[62] R. Emparan, C. V. Johnson and R. C. Myers, “Surface terms as counterterms in the
AdS / CFT correspondence,” Phys. Rev. D 60, 104001 (1999) [hep-th/9903238].
[63] R. B. Mann, “Misner string entropy,” Phys. Rev. D 60, 104047 (1999)
[hep-th/9903229].
– 25 –
[64] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Holography,
thermodynamics and fluctuations of charged AdS black holes,” Phys. Rev. D 60,
104026 (1999) doi:10.1103/PhysRevD.60.104026 [hep-th/9904197].
[65] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Charged AdS black holes
and catastrophic holography,” Phys. Rev. D 60, 064018 (1999) [hep-th/9902170].
[66] D. Kubiznak and R. B. Mann, “P-V criticality of charged AdS black holes,” JHEP
1207, 033 (2012) [arXiv:1205.0559 [hep-th]].
[67] N. Margolus and L. B. Levitin, “The Maximum speed of dynamical evolution,” Physica
D 120, 188 (1998) [quant-ph/9710043].
[68] K. G. Zloshchastiev, “On co-existence of black holes and scalar field,” Phys. Rev. Lett.
94, 121101 (2005) [hep-th/0408163].
[69] X.H. Feng, H. Lu¨ and Q. Wen, “ Scalar hairy black holes in general dimensions,”
Phys.Rev. D 89, 044014 (2014) [arXiv:1312.5374 [hep-th]]
[70] H. Huang, X.H. Feng and H. Lu¨, “Holographic complexity and two identities of action
growth, ” Phys. Lett. B 769, 357 (2017), arXiv:1611.02321 [hep-th]
– 26 –
